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ABSTRACT: Bagger-Lambert-Gustavsson theory with infinite dimensional gauge group has
been suggested to describe Mb5-brane as a condensation of multiple M2-branes. Here we
perform a topological twisting of the Bagger-Lambert-Gustavsson theory. The original
SO(8) R-symmetry is broken to SO(3) x SO(5), where the former may be interpreted as
a diagonal subgroup of the Euclidean M5-brane world-volume symmetry SO(6), while the
latter is the isometry of the transverse five directions. Accordingly the resulting action
contains an one-form and five scalars as for the bosonic dynamical fields. We further
lift the action to a generic curved three manifold. In order to make sure the genuine
topological invariance, we construct an off-shell supersymmetric formalism such that the
scalar supersymmetry transformations are nilpotent strictly off-shell and independent of the
metric of the three manifold. The one loop partition function around a trivial background
yields the Ray-Singer torsion. The BPS equation involves an M2-brane charge density
given by a Nambu-Goto action defined in an internal three-manifold.
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1. Introduction

D-branes have played a crucial role in understanding non-perturbative dynamics of string
theory. The M2 and M5 branes are expected to play a similar role in M-theory, but due
to their intrinsically non-perturbative nature, their world-volume theories remain much
less understood than those of D-branes. In particular, a Lorentz invariant Lagrangian
descriptions of the interacting conformal field theories living in the M2/M5 world-volume
have been missing.

Being the only branes in M-theory (in flat eleven-dimensions), M2 and M5 branes
are intricately related. First, they are electromagnetic dual to each other with respect to
the four-form field strength G(4) = dC(3) in the eleven-dimensional supergravity. Second,
M2-branes can end on Mb5-branes just as fundamental strings end on D-branes. Roughly
speaking, quantum excitations of open M2-branes should give rise to a microscopic formu-
lation of the M5-brane world-volume theory. Third, the self-dual three-form flux H(z) on
M5-branes carries M2-brane charge. Finally, M2-branes in a background G(7) = *G(4) can
be blown up to M5-branes by an M-theory version of the Myers’ effect [fl].



Some time ago, Basu and Harvey [f] studied the BPS configuration of M2-branes
ending on M5-branes, which exhibits many of these relations at once.! In analogy with the
D1-D3 interpretation of Nahm’s equations [{, fl], they argued that the “non-Abelian” M2-
brane world-volume theory should admit a sort of fuzzy three-sphere solution [§. Around
the same time, from a different perspective, Schwarz [fJ] raised the possibility of using
superconformal Chern-Simons theories as for the description of the M2-brane dynamics.

Inspired by these pioneering works, Bagger-Lambert [[] and Gustavsson [f§ (BLG)
succeeded in writing down an N = 8 superconformal Chern-Simons-matter theory with
SO(8) R-symmetry. The BLG Lagrangian was interpreted as the low energy of limit of the
world-volume theory of two M2-branes in a certain M-theory background [J, [[(].

The action is based on a gauge symmetry generated by the so-called three-algebra.
As for a conventional, ghost-free field theory with a finite number of fields, the BLG
theory admits only one gauge group SO(4) ~ SU(2) x SU(2) with opposite levels for
the two Chern-Simons terms, and matter fields come in bi-fundamental representations.
The uniqueness is due to the surprisingly strong constraint imposed by the three-algebra
structure. In order to free this severe restriction, one can consider either Lorentzian gauge
groups [[[1] or infinite dimensional three-algebras. The latter can be realized as a volume-
preserving diffeomorphism of an auxiliary three-dimensional manifold. Combining both the
original and the auxiliary three manifolds leads to a six-dimensional manifold, and the BLG
theory with an infinite-dimensional gauge group may have a natural origin as an M5-brane
action [[J—[[4]. In particular, in ref. [[J] it has been shown that by generalizing the Brink-Di
Vecchia-Howe-Polyakov method, Nambu-Goto action for a p-brane can be reformulated as
a d-dimensional gauged nonlinear sigma model having a Nambu (p+ 1 — d)-bracket squared
potential. While the choice d = p — 1 leads to the Yang-Mills potential, the choice d =
p — 2 leads to the Nambu three-bracket potential, and hence an infinite dimensional three-
algebra. In particular, an M5-brane may be described by a condensation of M2-branes.

The connection between multiple M2’s and an M5 motivates us to twist the (Euclidean)
BLG theory by diagonalizing the SO(3) Lorentz symmetry and an SO(3) subgroup of the
SO(8) R-symmetry. The resulting action will contain five scalars which can be viewed as
the physical degrees of freedom along the five transverse directions of an M5-brane. While
the twisting we perform works for any three-algebra, as an application, we will consider
infinite dimensional gauge group or volume-preserving diffeomorphism in an internal three
manifold at the end of the paper.

A quantum field theory is called topological if all vacuum expectation values (vevs) of
a certain set of operators (observables) are metric-independent. In particular, topological
quantum field theories (TQFTs) of cohomological type are constructed as follows. Let us
assume there is a nilpotent symmetry of the action @, such that Q% = 0. It follows that, at
least formally, one can deform the Lagrangian by adding an arbitrary Q-exact term without
affecting the partition function or the vevs of observables (which are defined as elements
in the cohomology of @). Since @ is a symmetry of the action, the Lagrangian can be
expressed as a sum of a (J-exact and a ()-closed piece. The theory is therefore independent

!See ref. [E] for further discussion.



of any coupling constant in the QQ-exact piece. Moreover, if the energy momentum tensor
is Q-exact all vevs of observables are metric-independent and the theory is topological.

The organization of the present paper is as follows.

In section ], we construct the twisted BLG theory. We begin with writing down
the Euclidean version of the BLG theory. Then, we perform a twist which preserves an
SO(3) x SO(5) € SO(8) R-symmetry. On-shell nilpotency of the scalar supersymmetries
and the corresponding BPS equations are also presented.

In section [, to make sure the genuine topological invariance, we introduce some auxil-
iary fields such that the supersymmetry algebra closes strictly off-shell and the supersym-
metry transformations are independent of the three-manifold metric. Using the off-shell
supersymmetric formulation, we separate the twisted BLG action into a Q-closed topolog-
ical part and a Q-exact part, thereby verifying the topological invariance of the theory.

In section [f, we initiate the study of observables of the theory. We explicitly derive
those observables which can be obtained from the Lagrangian through a descent relation.
Then, we explore the possibility of a Wilson-loop operator, but our analysis indicates that
the twisted BLG theory does not admit a @-closed Wilson loop operator. Then we take
a first step toward the perturbative computation of the partition function. The one loop
determinants around a trivial background turns out to be the Ray-Singer torsion.

In section [], we interpret our results from the M5-brane point of view. Realizing
infinite dimensional gauge symmetry as volume preserving diffeomorphism in an internal
three manifold, our twisted theory can be viewed as partial topological twisting of a six-
dimensional theory, where the six-dimensional space has the fiber bundle structure: at
each point in a three manifold (base), there exists a corresponding internal three manifold
(fiber). The BPS equations then involves an M2-brane charge density given by a Nambu-
Goto action defined in an internal three-manifold.

In section fi, we conclude with some comments on future work.

Appendix carries some relevant useful identities.

2. Twisted Bagger-Lambert-Gustavsson theory

2.1 Euclidean Bagger-Lambert-Gustavsson theory

To start, we present the Euclidean version of the Bagger-Lambert-Gustavsson Lagrangian:

. 14 1 aoc 1 caa e
LEuclidean = i€t A <§f b dAuabauA)\cd - gf d gf fbgAMabAuchAef>
1  _  _ 1
+Tr[i(DMXI)Q—%\IJP“DM\IHF%\IIPU[XI,XJ,\Il]+ﬁ[XI,XJ,XK]2] L (2.1)

There are some common as well as distinct features compared to the original Minkowskian
case . In terms of an explicit basis of the three-algebra,

[Ta’ Tb, TC] — fabchd , (22)

the dynamical variables take values in the three-algebra, e.g. X! = X!T%. The trace is
always taken over second-order in three-algebra variables such that, in fact it involves a



metric which can raise or low the gauge index. The covariant derivatives are the same as
in the Minkowskian case [f]:

DX =0,X) + Au’Xy, DX =0, X - XA =0,X + A,4X" . (23)
The tilde symbol denotes the contraction with the structure constant of the three-algebra,
fl“ab = Aucddeab. (2.4)

The gauge symmetry is then realized by

6AX¢£ = _Aale{ ) oWV, = _Aab\llba 5AA;mb = DuAab = auAab + AuacAcb + A,ubcAac .

(2.5)
The key difference, compared to the Minkowskian signature [[f], is that the Euclidean action
contains only the ‘holomorphic’ part of the spinor such that ¥ is defined to be the charge

conjugation of U:
v .=vlc. (2.6)

This is due to the fact that the three-dimensional Euclidean space does not admit real
spinors i.e. Majorana condition. Here C is the charge conjugation matrix in eleven dimen-
sions satisfying

crMe=t = (M T =, (2.7)
where M is the eleven-dimensional vector index which decomposes into 4 = 1,2,3 and
I = 4,5,...,11. Throughout the paper, the complex conjugation of spinors will never
appear as we focus on the Euclidean space. Further the dynamical spinor field ¥ has a
definite chirality over (1,2, 3)-space:

M8y = 0. (2.8)
In our convention, the field strength is defined by
Fu = 0, A% — 0,A,% + A, A% — A AL, (2.9)
of which the overall sign is opposite to the original convention by Bagger and Lambert
but faithful to the standard convention.

Last but not least, the Euclidean action (2.])) is invariant under the following sixteen
supersymmetry transformation:?

6x!I =qerty,,
1
6, = D, XIT'T€ — éle X XK pbed 1K g (2.10)

5 Ay = €T, T X W 1,

which take exactly the same form as in the Minkowskian case. The supersymmetry pa-
rameter € possesses the opposite chirality compared to (B.§),

Mg = €. (2.11)

2In addition to the ordinary supersymmetry (, the Euclidean action enjoys sixteen conformal su-
persymmetry [E], which can be also twisted to define a novel topological theory on an arbitrary three-
dimensional cone, as was done for N' = 4 super Yang-Mills defined on a four-dimensional cone [@]



2.2 Description of the twist

We now come to the description of the twist we perform. Under Spin(11) — Spin(3) x
Spin(3) x Spin(5), the eleven-dimensional gamma matrices can be decomposed as

MM=ctel®locd, I*P=lieles, TI'f=1leoyed?, (212)

where o, = 1,2,3 are 2 x 2 Pauli matrices

01 0 —: +1 0

1 2 3

= = = 2.13
7 (1 0)’ 7 (—I—Z'O>7 7 (0—1)’ ( )

and 7%, i = 1,2,...,5 are 4 X 4 gamma matrices in Euclidean five dimensions, satisfying
Vo =207, 4P =1 (2.14)
The charge conjugation matrix in (.7]) takes the explicit form:

C=eRex(C®1, (2.15)

2

where € = i0° as usual, and C is the five-dimensional charge conjugation matrix,

eatet = —(oMT, CHiCcTl=+(HT, CcT=-C. (2.16)
The so(8) chiral matrix is then
M2 = et 191910, (2.17)

Consequently the eleven-dimensional spinors carry four indices ot The first two aQ,
£ indices are for the so(3) spinor indices and the third one « is for so(5) spinor indices
running from one to four. The last one + denotes the so(8) chirality. Since the dynamical
spinor carries the definite chirality (E§) we have W¥%%~=0. Similarly from (E.I1), we
have for the supersymmetry parameter géPat= (). The twist we focus on in the present
paper amounts to replacing the three-dimensional rotation group by the diagonal subgroup
of Spin(3) x Spin(3). Accordingly, the twisted spinors admit the following expansion:

. 1 L . Ny 1 iy Y3
pofat _ % (inaeaﬁ + Xzé(o-ue)oﬁ) 7 géba— _ ﬁ <isaea5 + 6,3‘(0'”5)@5) . (2.18)

Namely the fermions decompose into a SO(3) scalar 7, € and a one-form x,dz*, €,dz*. In
analogue to (B.0), we also define the charge conjugation of the SO(5) spinors for conve-
nience:

7=1"C, X.=x,C. (2.19)

Finally for bosons, our twist prescribes to decompose the eight bosonic fields into a SO(3)
one-form and five scalars:
X' — (X,da", V") . (2.20)



2.3 Twisted Lagrangian

Taking the decompositions (R.12), (B.1§), (B.20) and an identity (A.3) into account, it is
straightforward to rewrite the Euclidean Bagger-Lambert-Gustavsson action (R.1)) in terms

of the anti-commuting fields 7, x,, and the bosons A,,, X,,, Y. The resulting action defines
our twisted Bagger-Lambert-Gustavsson theory in three-dimensions:

Stwistod - /dgx ﬁtwistcd 5 Etwistod - Etop + \/§Lg ) (221)

where

SN 1A+ A-ﬁ-ab 1A+ A-ﬁ-a A-ﬁ-cb

EtOP = e 5 uaba’/ A + g pab? v cLE)
MU 1_ + 1 i

—e" T | SXe Dy — i5X " s X Y (2.22)

and
1 1 1 A ?
Ly = Tr| £(DuX, =D, X,)(D"X” D" X") 4 3 <DMX“+ 57 [XM,X,,,XA]>

1 , o 1 _
+5 DEYIDTY + SV Y YR Y Y] + X, Y YR [XM Y, Y

1

o1
_ y 1 . 1, .

DX iy [V, Xy, XF] + i ™ [V, Y] + 40Xy [YianaXu]] - (2.23)

In the above, we have coupled the action to a generic three-dimensional metric g,,,

such that all the derivatives are covariant with respect to both diffeomorphisms and gauge

Apv 123 _

transformations, and that e is the totally antisymmetric tensor density, satisfying e
1 and €23 = g := det(g,,). It is worthwhile to note that Lo, is manifestly metric-
independent as the Christoffel connection is torsion-free, and that D, X" is effectively the
only term in L, which contains the Christoffel connection after replacing the fermionic term
nD, x" by —x"D,n. The introduction of the curved background metric is necessary for
the twisted action to lead to a ‘topological’ theory, in the sense of the metric independence.

Moreover, we have complexified the gauge field:

~ ) 1 .
A/—L—ab = Auab — Zﬁ EMV)\XZXC)l\deab s A/Mlb

i -1 A ped
= Aﬂab + Zﬁ EMV)\Xng fc ab » (224)

such that

Df =D, +i " XV, xA D- =D, it XV, x? 2.25
no U+Zﬁ€ﬂd/>\ ) ) ’ mo N_Zﬁel“/A ’ ’ ’(' )

and

n n 1 o 1 o
Loy = Flu' — z%e,,pa(DuX”)ch feday + z%eupg(pjxp)cxd feday

1 o 1 o
= Fuyab — ZEEVPU(D:XP)CXd deab + ZEEHPU(DVXP)CXd deab . (226)



It is worth while to note:

DyX, — DX = DY X,, — D X, = Dy X, — D}, X,

o1 1
DX, +ZWEE“"”[X“,X,,,XP] = Df X" — 35 e[ X, XY, X (2.27)
The Euler-Lagrange equations of motion are, for bosons X, Y?, A:[:

1
D, (D*X” — D”XA) +D™ <D”XH + i@EMVP[XmeXp]> — i1, 7'x*, Y]]

1 -
+Z\/§ H <2[77>X,quu] - [D/TYZ7YYZ'7XV] + 2

1 , 1
30001071 = 51V Y Tl = 0,

| 1. o ,
D,D*Y" — ZEEW ([DuXwX)nYi] - §[Xu,7’xu,XA]> + 77, X v X

1 B 1. .. 1 . . ) )
- 5 77 /7 777YJ] - Zg[X“W”Xij] + 5 |:YYijk7 [Y]7Yk7YZ]:| [XIL“Y']’ [XM7YJ7YZH = 07
fab6d< A RveXrd— YZD+Y;d+Z—\/—YZ€uV>\[XV7X>\7 Yila— Xy (D" XY — DY X")4

1 _ 1 i
+ (D)\X)‘ + ZWEEAH«V{XH’XV,X)\])CXQL =+ ncxs> + ZEEHVAFV—IB\ab _ 0’

(2.28)
and for fermions 7, x,, :
C = DM Xu + Z[Yza Xua ’YZXM] + Zi[yza Yja’YZ]T]] = 07
SM = DM n + Z[YZ7 X/u ’Yﬂl] - 15 [YZ7 Yj7injXM]
1 1 .
+— VAD+X)\ —i— €uv [sz XVv IVZX)\] =0. (229)

Vi V9
2.4 On-shell scalar supersymmetry and BPS equations

In flat background, the twisted Bagger-Lambert-Gustavsson action (R.21)) is invariant un-
der the sixteen supersymmetries Qa,ij as in the untwisted case. However, in curved
backgrounds, in order to have supersymmetry unbroken, it is necessary that the corre-

gy, should be covariantly constant. Generically,

sponding supersymmetry parameters €%,
this requirement can be only met for the scalar parameters €. Indeed, for our twisted
Bagger-Lambert-Gustavsson theory in a generic curved background, the twelve vectorial
supersymmetries are broken and only the four scalar supersymmetries survive. Explicitly

the unbroken scalar supersymmetries are given by:

0X, = &Xpus
§Y' = &y'n,
on = — <D“X“ +1

1
XP XV XA Y Y7, YRy, 2.30
6\/5 E;w)\[ ) ) ]) €+ 26[ ]%]k&?, ( )



) S T
oxx = EGAWD“X’% + DY Y'ye + Z§[YZ, Y7, Xy]vije

~ . _ 1 _ o
5Auab =1 <_X,u0577d + ﬁeuukXéngil\ + Y;0571Xud> deab .

Equivalently in terms of scalar supercharges:

[QavX,u] = X;Ozv
[Q Y] = (v'n)*,

{Q()l)ﬁﬁ} - = <DHXM+Z 6

1 1 A 1 @

7 eW[X“,X”,X*D 0% =iV Y Y ()%, (231)
a - 1 v o ) [} 1 7 j «@

{Q% xxs} = EGAM DuX,6% + DYY" (%) ﬁ—lg[y Y7 X0 (7i) %8

a A . a 1 v a 7 « c
[Q 7A;mb} = Z< - Xuchd + Eeu )\XVCX)\d + Y;'c(’y Xud) >f dab .

Successive scalar supersymmetry transformations give
[{Q°.Q) x| = Y, Y7, X, (35,07
Q. Q7L Y| =iy, Y7, Y7 (3y,0 77,
Q2. Q% | = ", Y7y ) (35507 4 67,7 4 67,7 (2.32)
Q% Q% x| = Y Y7 x40 (35507 = 67,60 — 07l
Q. Q%) Auan| = 20 (YiD, Y (,67)) .

Apart from the Euler-Lagrange equations of the fermions, ¢,&, ([2:29), the right hand
sides in (R.33) correspond precisely to the gauge transformation (R.§). Thus, the scalar
supercharges are nilpotent on-shell up to gauge transformations.

From the supersymmetry transformations of the fermions ), we see that super-

symmetric invariant bosonic configurations must satisfy the following BPS conditions:?
D XM —i 35 e[ XH, XY, XA =0, Df X, —DfX,=0,
DfY'=0, Yiyi vk =o, [YiY7 X,]=0. (2.33)

Further, these BPS conditions imply the bosonic Euler-Lagrange equations of motion (R.2§)
if and only if
Fl=0. (2.34)

3. Off-shell supersymmetric formulation of the twist

The above on-shell formulation of the twist is not yet sufficient to define a genuine topo-
logical field theory which depends only on the topology of the three-dimensional base

3For various BPS states in the original untwisted BLG theory, including the classification, we refer [E,

B4l



manifold, since the scalar supercharges are only on-shell nilpotent and the scalar super-
symmetry transformations (R.31) are not independent from the base manifold metric. In
this section we construct an off-shell supersymmetric formalism of the twist which will
eventually lead to a genuine topological field theory.

3.1 Off-shell supersymmetry algebra

Our off-shell supersymmetric formulation requires two auxiliary fields which we call A and
hy. The off-shell Q-variations are defined over {X,,, Y h, Pows M5 X A:{} as follows:*

[Qa7Xl/«] = Xzéa
[Q*, Y] = (v'n)”,
Q] = ~i V¥, ()],

a (o} - ) a 1 7 ] a
[Q 7hu] = —D:’I’] +Z[XM7Y 7(7277) ] +Z§[Y 7Y]7 (Vinu) ]7
a = « 1 7 j «
{Q% 75} = —hd% — e VLY, Y ] (i38)% (3.1)
a — « 7 «@ -1 ) j «
{Q%, X8} = hud% + DY (%)% =iV Y, Xu](435)%

|:Qa7 A/—L—ab] =i (_Xﬂcng + Yric(’}/iXud)a) deab .

It is straightforward to verify that our Q-variations (B.1]) are nilpotent strictly off-shell, up
to a gauge transformation: for all the fields in {X,, Y% h, Py 5 X A:[}, we find

Q? = gauge transformation , (3.2)

where, with an arbitrary constant c-number spinor v,, Q@ = 7,Q% and the gauge parame-
ter (R.9) is given by
A _ _
Ay = Zéygzj(wo N6 5,05 . (3.3)

Here the off-shell supersymmetry algebra is defined for fl:ab and not for fl;ab. In
our off-shell supersymmetric formalism it is not necessary to define the Q“-variation of

A;ab = (fl::ab)*. In fact, in our off-shell supersymmetric formulation we may relax the

decomposition rule of the complex gauge field into the real and imaginary parts given in
eq. (2:24), such that fluab will never appear and we may keep only the reality condition

Ay = (fl:ab)*.‘r’ In this case, the identities (P.27) do not hold anymore.

4Transforming ) to (@), we made the identification,

1

1
h=D"™X, —i
w 13\/5

EuuA[X‘L,XV,XA], h# = EEMVADJFVXA,

means on-shell equivalence. To obtain the @Q-variation of the auxiliary fields, we take the

[r—}

where
variation of their on-shell values and use the equations of motion to remove any metric-dependent terms.
*Note that [Q, A;rab]Jr does not lead to the Q%-variation of A, = (A;rab)"7 since Q¢ is not hermitian.



Ghost number. In topological field theories, it is often useful to introduce the so-called
ghost-number U, though it may not lead to a symmetry of the topological action, as will
be the case with our twisted Lagrangian. We first assign ghost number one to the scalar
supercharges, U(Q) = 1. Then (B.1)) uniquely determines the ghost number of each field:

U(Xpus Xpas gy Yo by AD) = (1,0, +1, +1, +2, +3, 0). (3.4)
3.2 Off-shell supersymmetric Lagrangian

Provided the off-shell supersymmetry algebra, it is straightforward to obtain the off-shell
supersymmetric Lagrangian:

, 1 . 1 i A
Log—snen=i€"" <§A;aba,,Aj“b + gA:abAj“cAij>

y 1_ 1 i 1
et Aﬁ<§qujXA —i5Xn [Yixv, X5, Y] + zgh[Xu,X,,,X,\] — huDjXA>
Loty Lo +u Lu
+/gTr §DHY D.Y; - §h +hD™X, — §h hy,
Lvivi yvhy. v, 1 i yRIxe v vk
+ 12[Y Y1V ][E,}/},Yk]+4[Xu,Y Y R[XH YT YR
_ — . i 1 i i
= XU Dy i [V Xy X ] i [V, Y]
1 i i
+ i X Y'Y, x4 > : (3.5)
Integrating out the auxiliary fields, the above off-shell supersymmetric Lagrangian (B.5)
reduces to the form:

) 1 P
Lofi—shell = i€ <§A+ 0, AT +

1 A+a A+cb
b —AT AT A;\r >

3uabl/c

1 1 ;
—e“’»‘Tr<§XMD,JfX>\ - Z§Xu [’YiXmXAa YZ] >

1 o1 VA
T DX, — i X )

+ (DX, — D} X,) (DT XY — DYV XH)

— ] =

ir— Ly yi
+ 5 DYDY+ VLY YR Y, Y
1

o P YL YRIXE YT VE] = D+ i [V X ]

1 S 1 o
+ ZZ’F/’VZ] [Ylvijn] + ZZX“’VZJ [Ylvijx,u] > s

which is very similar, but not identical, to the on-shell supersymmetric La-
grangian (2.29), (2:23). Only if we assume the decomposition of the complex gauge field
into the real and imaginary parts given in (2.24), they coincide.

A crucial feature of the off-shell supersymmetric Lagrangian (B.§) is that it can be
written as a sum of Q)-closed and (Q-exact parts:

ﬁoﬁ—shell = Eclosed + {Q7 2} ) (36)

— 10 —



where, firstly with a pair of arbitrary constant c-number spinors 7, u® satisfying t,u® # 0,
the scalar supercharge and and the fermionic scalar in the QQ-exact part are

Q=7.Q%, ¥ =23.u"/(5u"), (3.7)

of which the fermionic SO(5) spinor is given by

_ 1 .
X = Shil = Sh X+ S (DY )Xy — (D X)n

1 _ S
=i VLY XX — i [V Y Y i (38)

1
fe— Z_

12
The Q-closed part is then

) 1 1
Lelosed = ZE/W)\ <§fadeA:abauA;\|—cd - ngdagfefb gA:abAjchj\_ef>

1 1 i
+e“”ATr< - §>@DJXA + h, D X\ + ZEXH[%XV, Xy, Y]
1 L i i

- Zgh[Xy,yXl/aX)\] — zn[xu,X,,,XA] — §D:Y [XV,XA,Yi]> . (3.9)

Direct manipulation indeed shows that L joeeq is @Q-closed up to total derivative terms, and
more interestingly about the @-exact term,

{ro’ iﬁ} = 5aﬁ{Q7 E}
1 : 1 1 -
= §%Tr §D:[YZD+“YZ- — 5h2 +hDMX, — §h“hu — XMDyn + iy YV, Xy, xM)

1 . 1 1 o
iy [V, Y7 j—— " Milx s, Xo, Xa] + i My [V Y
+igimilY, ,?7]+2\/§e X X, Xl + 05395 [V, Y7, X0

1

+12

VYT YHIV, Y5, Vi VY XA, X (3.10)
In fact, utilizing the existing SO(5) symmetry of the action, one can rotate the constant
c-number spinor such that only one component is nontrivial e.g. ¥, = vdo1. In this case,
from (B.10) only the corresponding one component of 3, i.e. ¥1 couples to the supercharge
and contributes to the formation of the Q-exact part of the Lagrangian. In this way,
different choices of the linear combination of the four scalar supercharges (B.7) are all SO(5)
equivalent. At this point it is worthwhile to compare with a topological twisting of N' = 4
super Yang-Mills theory [[Ld, [, 1] where there appears a pair of scalar supercharges.
In contrast to our case, the twisted action possesses no R-symmetry which would rotate
the two supercharges to each other. Hence, a different linear combination of the scalar
supercharges defines inequivalent cohomology.

The Q-closed part has the ghost number zero and contains no metric dependent term,
being explicitly topological, c.f. (2.23). On the other hand, the @-exact part has no defi-
nite ghost number and contains explicitly metric dependent terms. In fact, all the metric
dependence of the off-shell supersymmetric Lagrangian (B.5§) can be read off from ¥, be-
cause the Q-transformations (B.1) are independent of the base manifold metric. Thus,
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the energy-momentum tensor is @)-exact, and our off-shell supersymmetric formulation of
the Bagger-Lambert-Gustavsson action indeed defines a genuine topological field theory
in three dimensions. Note that since £ does not involve A;, our @Q-transformation rule -
which is defined over {X,,, Y, h, hy, 7, Xy Af{} only - can be applied to it.

Fierz identities have been heavily used for the derivation of the above formulae. We
summarize them in the appendix.

4. Observables and partition function

4.1 Observables

As is well-known, a local operator that is -closed up to total derivatives leads to a series
of observables. For instance, we can have a relation:

[Q7 03] = do2 ) {Q7 02} = dOl ) [Q7 Ol] = dOO ) {Q7 OO} =0. (41)

Here, O,, are n-forms with alternating statistics. The first relation holds by assumption,
and the rest follows from the nilpotency of Q. The integration of O,, over an n-cycle then
gives a well-defined observable.

One particular family of observables that comes free for any topological theory is the
one associated with the @)-closed part of the off-shell supersymmetric Lagrangian. For our
theory, we find

Q% Lotosed] = L, [QU, L7 =g o0 Q)] =0, (42)

where the brackets denote the symmetrization of the spinorial indices with weight one, i.e.
AleBP) = 1(4°BP + APB%) and

1. . . 1 . 1 1
L= —%ATYGZ[YZ, Y7, (i) X +ig [XV, Y, ()] X4 o DF X~ 5;&”;&) :
1 1 S
Lo — e“”*Tr<§n<ax§’ +ig VLYY, Y’f]Xm-jkcwff) . (4.3)

Wilson loop. Wilson loop operator is one of the most fundamental observables in any
non-Abelian gauge theory. Moreover, the Wilson loop in pure Chern-Simons theory [[[§
has been used to compute knot invariants of three manifolds. So, it is natural to ask
whether we can have a sort of Wilson loop as an observable in our case too.

The simplest Wilson loop made of A™ is not a good observable since A* is not Q-closed,

|:Qa7 A:ab] =1 (_XHC"?(O; + Yric(')/iXud)a) deab .

It is tempting to modify AT further to make it Q-closed, but it appears that it is not
possible to do so and there is no Wilson loop-like observable in the twisted Bagger-Lambert-
Gustavsson theory. The argument goes as follows. Consider fljab — Apap = fl:fab + Bjap
with By, =1 deabX,indsZ, where s’ is a constant vector of SO(5). Requiring closedness
of A,qp under v,Q%, we find two conditions:

(a) §"0g = Uﬁ(’Yi)ﬁoc ) (b) va= Sivﬁ(’Yi)ﬁa .
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Condition (b) is not very strong; for a given v,, it is easy to choose an s’ satisfying it.
On the other hand, condition (a) is very strong. Using the SO(5) covariance, we can
always go to a basis in which, say, s' = 0. Then, we have 0 = vg (’yl)ﬁ «, which implies an
unacceptable condition v, = 0 because ! is invertible.

4.2 Partition function

Let us now consider the partition function in a quantum field theory in general:

Z2= /D(ID exp(—S). (4.4)

In the usual semi-classical expansion, one proceeds in four steps: classical action, one loop
determinants, higher loop corrections and non-perturbative instanton corrections. How-
ever, in topological quantum field theory, one loop correction alone around all the BPS
configurations can lead to an exact result due to the localization.

The localization follows from the fact that the partition function (f.4) and the vev of
observables are invariant under the smooth deformation of the Lagrangian,

L= ﬁclosod + {Q7 2} - ﬁt = ﬁclosod + t{Q, 2} ) (45)

with an arbitrary real parameter ¢t. For large positive values of ¢, the path integral is
“localized” to field configurations with {Q,¥} = 0. The expression for {Q,>} (B.10)
implies that the path integral localizes to

DfX*=0, h,=0, Diy'=0, Y. Y/ Y"=0, [Y' Y/ X,]=0. (4.6)

A systematic study of the full partition function, including the integral over the BPS
configurations, is out of the scope of this work. Even at the classical level, we would have to
deal with the subtleties due to the imaginary value and gauge non-invariance of the Chern-
Simons term; see [R5 for a recent discussion. Here, as a first step forward, we evaluate the
one loop determinants in the trivial background with vanishing vev for all fields.

When the three-algebra is equipped with a positive definite norm, the possible
dimension of the three-algebra is either one (trivial case), four or infinity. Either precisely
for the trivial dimension, or effectively for the evaluation of the one-loop determinants
in the nontrivial dimensions, we have copies of the following action for free fields (in the
form notation),

1 1,
5 = [ Va3 (Xa 80X + 507 80¥) - (o) - () @D
where Ag and A; are Laplacians acting on zero and one forms respectively,
A)Y'=-VI'V, Y AX,=-V'V,X,—[V,,V]X,. (4.8)

Note also that /g (X1,*dx1) = X1 A dxi1. For the nontrivial three-algebra dimensions we
omitted the Chern-Simons term of the gauge field, since at one loop level the contribution
from the gauge field cancels out against those from the gauge-fixing ghosts.
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In general, according to the Hodge theorem, any p-form, 1), in a compact manifold
of the positive definite signature decomposes uniquely into the harmonic form, h,, exact
form, day,_1, and coexact form, dfg3,11 = (=1)PFL xd * 8,41,

Yp = hy +day_1 + A3y, (4.9)

where hy, a,—1 and 3,41 are all globally well defined. From the positive definiteness, we
also have dh, = 0, dThp = 0. The Laplacian on p-form i.e. A, is given by

A, =dld +dd', (4.10)

so that each of dTd and dd' diagonalizes over the harmonic, exact and coexact p-form spaces.
In our case of the free action above (f.7), integrating out 7 field forces to set dfy; =0,
and hence with x1 = h1 4+ dag + df 32, from the positive definiteness the partition function

saturates at
dag =0 for x1, (4.11)

which can be regarded as a gauge fixing in BRST quantization.

When there are fermionic zero modes, the bare partition function vanishes. In our
case, there are one zero mode for 1 and by (the first Betti number) zero modes for ;.
Assuming that the right number of zero modes are absorbed by products of fermions from
observables and/or interaction vertices, we find

3
Zone—loop = /DXDYDX e—S _ Pf[g(*d)l] — = [detAl]j ’ (412)
[detAg]2 [detAq]z  [detAg]2
where the second equality follows from 7 Pf = +/det, C? = —1,,., det(dfd); =

detA;/detAy. The final expression is nothing but the topological quantity known as the
Ray-Singer torsion in three-dimensions:

3
[ et — etbal? _
p=0 [detAl]

3 (4.13)

one—loop *

NI Nl

We close this section with a comparison with a similar computation in the Rozansky-
Witten theory [[J]. The fermionic part of our free action ([£.7) is essentially identical to that
of Rozansky-Witten theory. The bosonic part of Rozansky-Witten theory is a non-linear
sigma model with a hyper-Kéhler target space, so it is quite different from our theory.
Nevertheless, the combination of the bosonic and fermionic contributions of Rozansky-
Witten theory also gives rise to the Ray-Singer torsion but with a different power from
ours, i.e. —1/2 versus —1/3.

SExplicitly we have for a p-form, 1,

(d"/})ala2-“ap+1 = (p + l)v[a1¢a2a3“'ap+1] ) (dT'l/})alaﬂ'“ap—l = —vbwbalaT”ap—l )
(Ap¥)aras-ap = =V Vidarazap + PIVb, Viar ¥ aag-a) -

"In general for a p-form in d dimension, we have

detA, = detAg_p,,  detA, = det(d'd),det(dd"),, det(d’d), = det(dd"),41 .
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5. Relation to M5: partial topological twist of six-dimensional theory

If we introduce an auxiliary three manifold, an explicit realization of an infinite dimen-
sional three-algebra follows straightforwardly from the Nambu three-bracket defined on
the internal manifold. This suggests that Bagger-Lambert-Gustavsson theory with infinite
dimensional gauge group describes M5-brane as a condensation of multiple M2-branes [[J -
[[4]. In fact, by generalizing the Brink-Di Vecchia-Howe-Polyakov method, Nambu-Goto
action for a five-brane can be reformulated as a three-dimensional gauged nonlinear sigma
model having a Nambu three-bracket squared potential [[[3.

Introducing a functional basis for the three-manifold 7%(y), we let all the variables
be functions on the whole six-dimensions e.g. X,,(z,y) = X,a(2)T*(y). We represent the
three-algebra by

LYY
X,Y,Z] = %6)‘“ KXY Z,
DX = 9,X — AT T X], (5.1)

Tr = /d3y\/§,

where ¢ is an arbitrary function of x,y which can be identified as the determinant of the
internal space metric g;s(2,y). Then the whole six-dimensional space has the fiber bundle
structure: at each point in z-space (base), there exists a corresponding internal y-space
(fiber).

Now we recall the BPS equation:

DfXt =i e[ XH, XY, XA (5.2)

N

Provided the above Nambu-bracket realization of the three-algebra, this BPS equation
reads

1 2
3VgVa Vi

where the last equality holds since 0; X" is a 3 x 3 matrix. We integrate this formula

DEX! = a0 XI0, XV 05X = i [det(9, X005 X)) (5.3)

over y-space or take the trace. The final expression then leads to the usual Gauss law in
three-dimension:

V- E(x) =ip(x), (5.4)

with

1 A
E, = §/d3y\/§Xﬂa

p = d*y 9, (eﬂ'DS‘X”(‘),;X”Z?XX/\> = / a3y \/det((‘)ﬂXA(‘),;XA). (5.5)

1
mﬁuw\
Remarkably, the density p(z) matches with the Nambu-Goto action having the y-space
and the “XF#-space” as the world-volume and the target space. Reflecting upon the
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original untwisted BLG description of multiple M2-branes, X* corresponds to three
transverse scalars and x* can be identified as three longitudinal physical directions in the
static gauge. In our twisted theory with three-algebra realized by Nambu-bracket, it is
then natural to regard the (x,y)-space and the (x, X)-space as the world-volume and the
physical longitudinal space of an Euclidean M5-brane respectively with the partial static
gauge “r = z”. This M5-brane picture then reveals that any point-like BPS configuration
in z-space or instanton may expand over X-space and in fact it corresponds to a Euclidean
M2-brane. The z-space charge density p(z) then measures the volume of a Euclidean
M2-brane in the X-space. Furthermore, p being a surface integral, if the y-space is
compact, up to a x-space local factor, the density p(x) counts the winding number of
M2-branes wrapping three-cycles inside M5-brane. For a non-compact y-space, with a
suitable boundary condition, the integral may not vanish too.

Since the Q-transformations involve the three-commutators and depend on the y-space
metric, our twisted Bagger-Lambert-Gustavsson theory is topological only over the z-space
but not over the y-space.

Furthermore with a six-dimensional metric:
ds? = gudatda” + Qﬂ,;dxﬂdzn’;, (5.6)

if we define a “(2,0)” and a “(0,2)” two-form, respectively:

1 1
B, = EEWXA, B = ﬁew)\ (0 X" XY — 0, X190 XY) X2, (5.7)

then in terms of their three-form field strengths,

1
Hyu := DY By, + D Byx + D By, = EE)\M,,D;—XP,

1
H: . = VS\B/]I} + V[LBQS\ + v,)B”[L = mﬁj\ﬂf/E)\uy

5 (XA X4 XY, (58)

the BPS equation (f.3) can be written in a compact form:

H)\/u/ =1 (*H) (59)

Apy
This corresponds to a partial self-duality equation of a three-form in Fuclidean six dimen-
sion. It is partial, since it is the self-duality linking (3,0) and (0, 3) field strength and the
other one linking (2,1) and (1,2) is missing.®

Provided these dictionaries (despite of the incompleteness of the self-duality), the BPS
equation (5.9) or (5.4) indeed realizes the coupling of the self-dual three-form to the M2-
brane charge density.

81t seems hard to find the (1,1) two-form B, which would complete the missing piece. One possible
reason might be that the scalar supercharges are not SO(6) chiral in contrast to the supersymmetries of
the six-dimensional M5-brane world-volume theory [R4, @]
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6. Outlook

We have constructed a topological version of the BLG theory and took some preliminary
steps to study its physical contents. But, clearly, more work would be required to reveal
the full physical contents of the topological theory. First, an exhaustive list of observables
should be found. Second, a systematic study of the BPS configurations and their contri-
bution to the path integral should be done. Finally, a perturbative computation of the
partition function and some of the observables should be carried out. We hope to address
these issues in a future work.

Another obvious direction is to consider other related theories. In three dimensions,
the minimum amount of supersymmetry needed to obtain a topological theory by twisting
is N = 4 i.e. eight supersymmetries. An SO(3) subgroup of the SO(N') R-symmetry should
be combined with the “Lorentz” SO(3) to yield a nilpotent, scalar supercharge @ of the
twisted theory. But, for ' = 3, since the supercharge is a doublet of Lorentz SO(3) and a
triplet of the R-symmetry SO(3), the twisting cannot give rise to a scalar supercharge.

Recently, inspired by the BLG theory, a large class of N/ > 4 Chern-Simons theories
(with ordinary Lie algebra gauge symmetry) has been constructed [2§, P9 and their relation
to string/ M-theory has been elucidated. It would be interesting to consider twisting those
theories. As they include both Chern-Simons terms as well as non-linear sigma model
with hyperKéhler target space, they may reveal interesting connection between the pure
Chern-Simons theory [[L§] and the Rozansky-Witten theory [19].
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A. Some useful relations
In curved backgrounds, the covariant derivative satisfies
[Dy, DJ)X" — Fy XV + Ry XV =0, (A1)
and hence
Tr(D,X,,D'X")= %Tr(DMXV -D,X,,D'X" — D"X") + Tr(D, X", D, X")

FXH <FW“6X{; —RWX”“) +8, Te(XY, Dy X" —0, Te(X", D, X" ).(A.2)
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With this and the decomposition of the bosonic fields (R.20), up to total derivatives, we
can rewrite a bosonic part of the Bagger-Lambert-Gustavsson action for the twist:

%Tr(DMXI,D”XI) + %Tr([XI,XJ,XK], (X7, X7, Xk])
1

1
ZTr(DuX,, — D,X,,, D"X" — D"X") + §Tr(X“, [D,, D,]X")
1
—|—§Tr(DuX” +i[x X2, X3, D, X" —i[X', X2, X?))
Ly (Dyyi il XXV, Y, DM — iseMOIX, X, Y,
+§ r A +Z§€)\ul/[ ’ ’ ]7 i_Z§€ [ ps<Yo z]
1 o 1 S
+§Tr<[YZ,Yﬂ,Y’f],m,Yj,Yk]) (Y YL XLV Y X)) - (A)

Regarding the five-dimensional gamma matrices (B.14), two crucial Fierz identities
follow from the completeness relations of 4 x 4 symmetric and anti-symmetric matrices:

450{7556 + 45575045 + (C’vij)ag(%-jC_l)“"; =0,
200705° — 205700° + CogC™1 + (Cy)op (O~ = 0. (A.4)

These further lead to other useful identities:

(") %) s = 26750% — %075 — 201 Cps (A.5)
()35 = 20%(11) 75 = 6%(13)"s = (1)) "5 = 22 C ™)™ Cias
()% (i) s = 2075(%i)% — 0% (vik) s — 20717 (Cyn)as — (1) () s + ()5 (43) s »

6% (i) %5 + 65 (755)% s — (7i5)7+6%5 — (735) %4075 + 2C55 (73, C~ )P (A.6)
+ ()P ()% — (1) ()% + (1) % (10)%5 — (7)) % (13)Ps = 0,
—0% (1) — (1) %675 — (1 C™ 1 Cs — (C™H(Cj)ps + §5(75)% + (13)730% = 0.
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